We propose and experimentally demonstrate a new method to generate arbitrary Fock-state superpositions in a superconducting quantum circuit, where a qubit is dispersively coupled to a microwave cavity mode without the need of fine-frequency tuning. Here the qubit is used to conditionally modulate the probability amplitudes of the Fock state components of a coherent state to those of the desired superposition state, instead of pumping photons one by one into the cavity as in previous schemes. Our method does not require the adjustment of the qubit frequency during the cavity state preparation, and is more robust to noise and accumulation of experimental errors compared to previous ones. Using the method, we experimentally generate high-fidelity phase eigenstates under various Hilbert-space dimensions and squeezed states, which are useful for quantum walk and highprecision measurements.
The creation and manipulation of complex superposition states of a harmonic oscillator (e.g., a light field) is an important subject in quantum optics [1] , and has various applications in quantum technologies. In contrast to nonlinear quantum systems (e.g., atoms), a harmonic oscillator possesses an infinite-dimensional Hilbert space where the energy is linear in the quantum number. Due to this feature, a harmonic oscillator has extremely rich nonclassical effects and serves as an ideal candidate for investigation of fundamental quantum theory. In addition to fundamental interest, it plays important roles in many quantum computation protocols. On one hand, it acts as a data bus to link different qubits, as in the ones with trapped ions [2] , cavity quantum electrodynamics (QED) [3] , and circuit QED [4] [5] [6] . It can also be used as a quantum memory to store quantum bits (qubits), offering the possibility to construct a quantum processor with fewer resources [7] and to realize quantum error correction [8] [9] [10] . On the other hand, harmonic oscillators are the basic building block for implementation of quantum computation based on continuous variables [11, 12] . In addition, the nonclassical effects of harmonic oscillators have applications in other quantum technologies, e.g., when a quantum state exhibits squeezing, i.e., the reduction of the fluctuation in one certain quadrature below the vacuum level, it can be used in high-precision measurement [13] . Many of these applications rely on the ability to generate an arbitrary superposition state of a harmonic oscillator, however, its linear energy spectrum prevents one from doing so by using classical drives only; the application of a classical drive produces a displacement in phase space without enhancing the nonclassical behaviors.
Previous methods employed a step-by-step algorithm [14, 15] , where in each step the quantum state of a two-level system is manipulated in a controllable manner and then transferred to the harmonic oscillator, increasing the quantum num-ber of the largest Fock state component in the superposition by 1. After N steps, the oscillator evolves from the ground state to any superposition of the first N + 1 number states. Such a technique was first demonstrated on the harmonic motion of a trapped ion trap [16] , and then implemented in a superconducting resonator [17, 18] using a qubit with fast frequency tunability to coherently pump photons from external microwave drive pulses into the resonator. More recently, it was shown that 2N selective number-dependent arbitrary phase gates, together with 2N + 1 displacement operations, can be used to construct such superposition states [19] . Following this proposal, a one-photon Fock state was created in a circuit QED system [20] . With a similar setup, the Gradient Ascent Pulse Engineering method [21, 22] was recently used for creating the six-photon state and four-component cat states [23] . In the context of cavity QED, Fock states and cat states of a cavity were conditionally generated with Rydberg atoms dispersively coupled to the cavity mode [24] .
Here we propose and experimentally demonstrate a distinct method to synthesize any superposition of Fock states for the field stored in a cavity that is dispersively coupled to a qubit. Our method relies on modulating the probability amplitudes associated with the superposed Fock states in an initial coherent state, a superposition of photon number states with a Poissonian distribution, to those of the desired target state. Coherent states are quasiclassical states characterized by a complex amplitude [24] , and can be generated by using a classical drive. The photon-number-dependent shift in the qubit frequency, arising from the dispersive qubit-cavity coupling, enables one to use carefully tailored microwave drive signals to individually control the qubit transition amplitude associated with each Fock state. The subsequent measurement of the qubit transition conditionally projects the cavity to a superposition of Fock states, with the probability amplitude of each state component being proportional to the associated qubit transition amplitude, controllable by the amplitude and phase of the corresponding drive signal. Unlike the previous methods, it is unnecessary to individually pump photons into the cavity one by one, and the modulating drive signals can be simultaneously applied and incorporated into a single pulse. Furthermore, during the preparation process the qubitcavity detuning needs not to be adjusted, which is important for quantum state engineering in circuit QED systems with three-dimensional cavities [20, [25] [26] [27] , where it is difficult to adjust the qubit frequency. We implement the experiment in a superconducting circuit, where a three-dimensional cavity is coupled to a transmon qubit. We analyze the produced states by measuring the Wigner functions, showing good agreement with the desired ones.
The system under investigation consists of a qubit dispersively coupled to a cavity and driven by a classical microwave containing N + 1 frequency components. In the interaction picture, the Hamiltonian for the total system is
where |e and |g denote the excited and ground states of the qubit, a † and a are the creation and annihilation operators of the photonic field in the cavity, χ qc is the qubit's frequency shift induced by per photon in the cavity due to the dispersive qubit-cavity coupling, δ n is the detuning between the qubit and the nth driving component with a Rabi frequency Ω n and a phase φ n , and h.c. denotes the Hermitian conjugate. The qubit is initially in the ground state |g , and the cavity in a coherent state
where c n = exp(− |α| 2 /2)α n / √ n! is the probability amplitude for having n photons. The photon-number-dependent shift of the qubit transition frequency enables individually modulating the probability amplitudes of the superposed Fock states in |α with a carefully tailored microwave drive addressing the qubit. Our aim is to convert such a quasiclassical state to a target quantum state
with the desired complex amplitudes d n for the corresponding Fock state components. Under the condition δ n = nχ qc and Ω n χ qc , the nth component resonantly drives the qubit transition when the cavity is in the Fock state |n , but does not affect the qubit state if the cavity is in any other Fock state due to large detunings. The dynamics governed by H I enables individually controlling the transition in each subspace {|g, n , |e, n } (the notation denotes |qubit, cavity ); there is no interaction between different subspaces. After an interaction time τ the qubit-cavity system evolves to
where β n =´τ 0 Ω n dt is the pulse area associated with the nth frequency component. We take β n = 0 for n > N, where N is The experiment starts with the application of a microwave pulse to the cavity, corresponding to a phase-space displacement operation D(α), which transforms the cavity from the ground state |0 to the coherent state |α . Then the qubit, initially in the ground state |g , is driven by a classical microwave pulse comprising N + 1 frequency components, with the nth component resonant with the qubit transition conditional on the cavity's photonic field being in the Fock state with n photons. This corresponds to simultaneous implementation of N + 1 conditional qubit rotations on the Bloch sphere:∏ N n=0 R e n |n (β n ). Subsequent measurement of the qubit in the excited state |e collapses the cavity to a superposition of N + 1 Fock states, whose amplitudes are controllable by the parameters of the corresponding microwave components. A final Wigner tomography is used to examine the produced states.
the maximum photon number in the desired target state. The detection of the qubit in the state |e projects the cavity to the superposition state
where
The final cavity state |ψ c is equivalent to the desired state |ψ d when the parameters β n and φ n are appropriately chosen so that d n = N c n sin β n e i(nχ qc τ+φ n ) . To maximize the success probability P = 1/N 2 , we numerically optimize the parameters |α| and β n , with the optimal values depending upon the desired state. Our experiment is implemented with a superconducting circuit, where one transmon qubit is dispersively coupled to two three-dimensional cavities [25] [26] [27] [28] [29] . The qubit, with a transition frequency ω q /2π = 5.345 GHz, has an energy relaxation time T 1 = 13.0 µs and a pure dephasing time T φ = 13.8 µs. Cavity 1, with a frequency ω s /2π = 8.230 GHz and a photon lifetime τ s = 80 µs, is used for storage of the photonic state. Cavity 2, with a frequency ω r /2π = 7.290 GHz and a photon lifetime τ r = 44 ns, is connected to a Josephson parametric amplifier [30] [31] [32] [33] , allowing for a high-fidelity (nearly-unity) and quantum non-demolition single-shot readout of the qubit state. The average readout photon number in the readout cavity is about five and the readout time is 240 ns. For simplicity, the term "cavity" refers to the cavity 1. The dispersive frequency shift is χ qc /2π = −1.44 MHz. The experimental apparatus and readout properties can be found in the Supplementary Material and Ref. [29] .
The experimental sequence is outlined in Fig. 1 . The initial-ization of the system to |g, 0 is realized by the post-selection on the qubit's ground state and the subsequent cavity parity measurement. The initial coherent state of the cavity is achieved by application of a microwave pulse, which produces a displacement operation D(α), transforming the cavity from the ground state |0 to |α . This is followed by driving the qubit, initially in the ground state |g , with a pulse with N + 1 frequency components resonant with the corresponding qubit-cavity transition frequencies, simultaneously implementing N + 1 conditional qubit rotations: ∏ N n=0 R e n |n (β n ), where R e n |n (β n ) represents the qubit rotation on the Bloch sphere by an angle β n around the e n direction conditional on the cavity containing n photons, with e n being on the equatorial plane with the azimuth angle φ n + nχ qc τ. In order to have enough selectivity, each frequency component in the qubit pulse simply has a broad Gaussian envelop truncated to 4σ = 1.44 µs (σ f = 0.44 MHz). Post-selecting on the excited qubit state, we obtain the desired cavity state. After preparation of the desired cavity state, the qubit is disentangled with the cavity and can be used to measure the Wigner function of the cavity for examination of the produced state. Following a technique devised by Lutterbach and Davidovich [34] and demonstrated in cavity QED [35] and circuit QED [26, 27, 29] , the Wigner quasiprobability distribution W (β ) is measured by a combination of the cavity's displacement operation D(−β ) and qubit Ramsey-type measurement, where a conditional cavity π phase shift C(π) is sandwiched in between two unconditional qubit rotations R y (π/2).
As an example, we prepared the truncated phase states [36] θ
with N = 5 to 7, where θ N,k = 2kπ/(N + 1). Apart from the fundamental interest, such states are useful for implementation of quantum walk [37] . The Wigner functions of the ideal states and the produced states with θ N,k = 0 are shown in the first and second rows of Fig. 2 , respectively. We note that, mainly due to the decoherence of the system (see Supplementary Material), the contrast of the measured Wigner function is reduced by a factor R: W m (β ) = RW r (β ), where W m (β ) and W r (β ) are the measured and real Wigner functions of the produced state [38] . The reduction factor is R =´W m (β )d 2 β . To make the results physically meaningful, we normalize the measured Wigner functions, taking W m (β )/R as the real Wigner functions of the produced states. The shapes of the Wigner functions of the produced states agree very well with those of the ideal ones, implying that the quasiclassical states have been converted into the desired quantum states with high accuracy. The amplitudes α of the initial coherent states, Wigner function reduction factors R, success probabilities P, and fidelities F between the produced states and desired ones are detailed in Table I . Here the fidelity is defined as F = θ N,k ρ p θ N,k , where ρ p is the density operator of the produced state reconstructed by least-square regression using a maximum likelihood estimation [38, 39] . The infidelity is mainly due to the decoherence of the system and imperfection of the conditional qubit rotations. However, since the desired cavity state is obtained by post-selection on Table I .
In Fig. 2 , we also display the real and imaginary parts of the density matrices in the Hilbert space obtained from the normalized measured Wigner functions (the third and fourth rows, respectively). As expected, the first N + 1 photon number states are almost equally populated, while the others remain unpopulated. The quantum coherence of the superposed Fock states is manifested in the off-diagonal elements ρ m,n with m = n. The non-vanishing imaginary parts of the offdiagonal elements are mainly due to the imperfect setting of the relative phases of different driving microwave components, and they can be minimized further by more careful optimization. The value of the matrix element ρ m,n (0 ≤ m, n ≤ N) slightly decreases as m and n increases since the decay rate is proportional to (m + n)/2. The results further show that the produced states are in good agreement with the ideal ones, demonstrating high-fidelity generation of the desired states.
As another example to demonstrate the ability to generate any superposition state, we produce the squeezed state
(−e iθ tanh r) n (2n)! n!2 n |2n ,
with the squeeze parameter ξ = re iθ . For such a state the fluctuation of the quadrature X(θ /2) = (a † e iθ /2 + ae −iθ /2 )/2 is reduced by a factor e −2r compared to the vacuum level, so that it can be used for high-precision measurement [13] . The squeezed state can be well approximated by truncating the expansion into a superposition of the first N + 1 Fock states, with N depending on r. We approximately produce the squeezed states for ξ = 0.8, 0.8i, and −0.8 with a cutoff of N = 8. The good agreement in the calculated and measured Wigner functions (Fig. 3) indicates the full controllability of both the amplitude and phase associated with each Fock state component. Table II shows the corresponding R, P, F, and (∆X(θ /2)) 2 [obtained from the Gaussian fit of the probability distribution of X(θ /2) calculated by integrating the measured Wigner function over X(θ /2 + π/2)] in the produced states. The measured (∆X(θ /2)) 2 1/4, showing that the initial quasiclassical states have been converted into quantum states with strong squeezing.
We note that, in the effective Hamiltonian of Eq. 1, we have ignored the cross-Kerr terms between the cavity and the readout cavity, −χ cr a † aa † r a r , where a † r and a r are the creation and annihilation operators of the readout cavity. This effect can either be corrected by properly setting the initial phase of |α or the qubit driving phases. We have also ignored higher order terms, among which the dominant terms are the cavity's self-Kerr effect −Ka †2 a 2 /2 and the correction to the dispersive qubit-cavity coupling χ qc a †2 a 2 |e e| /2. Each of these terms causes additional photon-number-dependent phase shifts; however, the resulting effect is small, as evidenced by the high-fidelity of our experimental result.
In summary, we have proposed and experimentally demonstrated a new single-step scheme to produce arbitrary superposition of Fock states for a cavity. We show that a coherent state can be conditionally converted to any desired superposition state by tailoring the probability amplitudes associated with the superposed Fock state components. This is achieved based on the experimentally convenient dispersive coupling between the cavity and the qubit. The success probability of the scheme depends on the desired state. The achieved high fidelity of the experimental states prepared with this method opens up interesting applications of such nonclassical states for implementation of quantum information and precision measurements. Of particular interest are the demonstrated truncated phase states that are directly applicable in quantum walk, which allows exponential speedup over classical computation for certain problems [40] and more importantly, can be used as a primitive for universal quantum computation [41] .
I. DEVICE PARAMETERS
Our experimental device consists of two waveguide cavities strongly coupled to a transmon qubit which is lithographically patterned on a sapphire chip, as shown in Fig. 1 . One cavity called storage cavity is used for the preparation, manipulation, and storage of the photonic state, with a transition frequency ω s /2π = 8.230 GHz and a decay rate κ s /2π = 2 kHz. The other cavity noted as the readout cavity with a transition frequency ω r /2π = 7.290 GHz and a decay rate κ r /2π = 3.62 MHz, is used to detect the state of the qubit. The transmon qubit has a transition frequency ω q /2π = 5.345 GHz with an anharmonicity α q /2π = (ω ge − ω e f )/2π = 246 MHz, an energy relaxation time T 1 = 13.0 µs and a pure dephasing time T φ = 13.8 µs. The strong couplings between the qubit and the cavities result in state-dependent frequency shifts χ qs /2π = −1.44 MHz (between qubit and storage cavity) and χ qr /2π = −4.71 MHz (between qubit and readout cavity). For simplicity, we refer to the storage cavity as "the cavity" henceforth.
II. READOUT PROPERTIES
In order to have a high-fidelity single-shot readout, besides the high-electron-mobility-transistor amplifier at 4K, we have a Josephson parametric amplifier (JPA) [1, 2] connected to the output of the readout cavity as the first stage of amplification. The JPA works in a pulsed double-pumped mode [3, 4] to minimize pump leakage to the readout cavity. The schematic of the measurement setup can be found in Ref. 5 .
The characterizations of the readout properties of the qubit and cavity photon state are shown in Fig. 2. Figure 2a the histogram of the qubit readout. The histogram is clearly bimodal and well separated. A threshold V th = 0 is chosen to digitize the readout signal to +1 and −1 for the ground state |g and the excited state |e , respectively. The qubit shows an unexpected excited state population of 3.9% in the steady state, presumably due to stray infrared photons or other background noise leaking into the cavity. Together with the measured T 1 = 13.0 µs, we can derive 1/Γ ↑ ≈ 330 µs and 1/Γ ↓ ≈ 13.5 µs. We use measurement-based post-selection to purify the qubit to |g state. After purification, the subsequent qubit measurement shows that the probability of the qubit being populated in |g is as high as 0.999 (dashed histogram in Fig. 2a ), demonstrating the high quantum non-demolition property of the qubit readout. If we post-select the qubit at |e state, the subsequent measurement finds the qubit remains in |e with a fidelity of 0.953 (Fig. 2b) , with the errors dominantly from the T 1 process during the readout time (240 ns) and during the waiting time after the initialization measurement (250 ns). These readout properties are measured with the cavity left in vacuum. Figure 2c shows the property of a π pulse (σ = 4 ns) which is used to reset the qubit after generating the desired state by post-selection of the qubit at |e state. Figure 2d shows the associated measurement pulses. The numbers outside the parenthesis correspond to the cavity in the vacuum state, with the loss of fidelity mainly due to qubit T 1 process during the measurement time and the waiting time between the two consecutive measurements. The numbers inside the parenthesis correspond to the cavity in a coherent state with an average photon number ofn = 3.5, with about 2% lower fidelities due to the photon number occupations in the cavity.
The Wigner quasiprobability distribution W (β ) is measured by a combination of the cavity's displacement operation D(−β ) and a parity measurement, following a technique devised by Lutterbach and Davidovich [6] and demonstrated in cavity QED [7] and circuit QED [5, 8, 9] . The parity measurement is achieved in a qubit Ramsey-type measurement, where a conditional cavity π phase shift C(π) is sandwiched in between two unconditional qubit rotations R Y π/2 . The parity readout property is shown in Fig. 3 
III. MEASUREMENT PULSE SEQUENCE
The pulse sequence for the experiment is shown in Fig. 4 . The whole experiment can be divided into three main parts: 1) initialization of the system to |g, 0 by post-selecting results of the qubit measurement and the cavity parity measurement; 2) creation of the desired arbitrary Fock-state superpositions by first displacing the cavity to |α state, then rotating the qubit simultaneously and independently in the subspaces {|g, n , |e, n }, and finally post-selecting the excited state of the qubit; 3) Wigner tomography measurement following a π pulse reset of the qubit to the ground state. The rotation of qubit R e n |n (β n ) (already defined in the main text) in each subspace {|g, n , |e, n } is appropriately chosen depending on the probability amplitude of Fock state |n in the desired superposition state.
The classical microwave pulse to displace the cavity state has a narrow square envelop with a width of 20 ns. The amplitude has been calibrated carefully as shown in the section of "calibration of driving amplitude". All qubit drive pulses have a Gaussian envelope truncated to ±2σ . To eliminate the possible qubit leakage to higher qubit levels, we also apply the socalled "derivative removal by adiabatic gate" technique [10] for pulses with σ = 2, 4, and 6 ns.
IV. CALIBRATION OF DRIVING AMPLITUDE
The calibration of the qubit driving amplitude is essential in creating a high-fidelity Fock-state superposition with our protocol. This calibration is performed by a typical Rabi oscillation with a selective driving pulse (σ = 360 ns) at each resonant transition frequency of the qubit corresponding to a specific photon number n in the cavity (inset of Fig. 5 ). The qubit decoherence during the long rotation only reduces the Rabi signal contrast without affecting the calibration of the driving amplitude with a deviation typically less than 1%.
The calibration of the driving amplitude to create a desired coherent state in the cavity is also crucial. This calibration is performed by measuring the Poisson distribution of photon numbers in the cavity (Fig. 5) . We measure the probability of the first seven Fock states N = 0, 1, 2, ...6 through a selec- The whole experiment can be divided into three main parts: 1. initialization of the system to |g, 0 by post-selecting results of the qubit measurement and the cavity parity measurement; 2. creation of the desired arbitrary Fock-state superpositions by first displacing the cavity to |α state, then rotating the qubit simultaneously and independently in the subspaces {|g, n , |e, n }, and finally post-selecting the excited state of the qubit; 3. Wigner tomography measurement following a π pulse reset of the qubit to the ground state.
tive π pulse (σ = 360 ns) as a function of the displacement pulse amplitude but with a fixed width of 20 ns. A nearly perfect global fit to the measurement results with a Poisson distribution not only gives the required calibration of the cavity displacement amplitude, but also indicates good control of the coherent state in the cavity. Poisson distribution of photon numbers in the cavity. Dots are data for the probability of the first seven Fock states N = 0, 1, 2, ...6 as a function of the displacement pulse amplitude but with a fixed width 20 ns. The probability measurement is performed with a selective π pulse on the qubit at each resonant transition frequency corresponding to a specific photon number n in the cavity. There is no normalization of the measurement data and the loss of probability dominantly comes from the T 1 process in the long duration of the π pulse. Lines are from a global fit with a Poisson distribution P(|α , N) = A|α| 2N e −|α| 2 /N!, where A is a scaling factor accounting for the probability loss. The excellent agreement indicates good control of the coherent state in the cavity. The displacement amplitude α is proportional to the measurement pulse amplitude. In this case, DAC level=1343 is calibrated to correspond to α = 1. Inset: Rabi oscillation to calibrate the qubit drive amplitude (σ = 360 ns). The loss of contrast comes from the qubit relaxation in the long pulse duration. 
V. ANALYSIS OF ERRORS
Our selective pulse is relatively slow (about 1.44 µs) due to the small dispersive frequency shift, however, to generate the truncated phase states and the squeezed states presented in our main text our scheme is not sensitive to the qubit energy relaxation T 1 , qubit dephasing T φ , and cavity photon energy relaxation. First of all, we apply microwave drives to qubit only associated with Fock states present in the target state and only select the qubit's excited state. The probability of selecting unwanted Fock states in the final state (orthogonal to the desired state) can be neglected because the probability of Γ ↑ process (|g to |e ) is only about 1.44µs/330µs =0.4%.
Secondly, random T 1 decay from |e to |g during the photon-number-dependent qubit rotation obviously decreases the probability of the qubit being excited; however, the fidelity of the produced state is insensitive to the qubit energy decay. This has a simple explanation: The purity of the produced state is insensitive to the qubit decay as this process cannot mix the cavity state correlated with the qubit's ground state into that with the qubit's excited state; instead, this decay mainly leads to slight changes of the coefficients of the superposed Fock states, to which the fidelity of the produced state is robust. A numerical simulation shows this T 1 decay reduces the fidelity by only 1-3%. On the other hand, the qubit dephasing corresponds to a random qubit frequency fluctuation, which just results in slight changes of the probability amplitudes associated with the Fock state components of the produced state. The fidelity of the produced state is insensitive to such slight changes and thus robust against the qubit dephasing. This is confirmed by numerical simulation, which shows that the fidelity F of the produced cavity state is even more insensitive to the qubit dephasing than to the qubit energy relaxation.
Thirdly, we consider the effect from the cavity photon decay. This effect increases with the photon number (as shown in Fig. 2 of the main text, the matrix element ρ m,n has a smaller value for larger m and n), however, numerical simulations show that with our long photon lifetime (80 µs), photon decay actually contributes less to the fidelity loss than the qubit decoherence for the generated states in the main text.
Therefore, after considering all the above contributions to the fidelity loss, the overall fidelity could still be as high as 96%.
In contrast, both T 1 and T φ process cause a much more significant reduction of R in the following Wigner tomography to reconstruct the cavity state. The error budgets are shown in Table I . Explicitly, 1) the qubit T 1 process between the final detection of |e to generate the target state and the tomography causes a reduction of 0.370µs/13µs×2=5.7%. Here 0.370 µs includes half of the measurement time of M 3 to estimate the decoherence during the measurement, and the factor two comes from the fact that parity is from -1 to 1. 2) Qubit T 1 process during the parity measurement causes a reduction of 0.337µs/13µs=2.6%. 3) Qubit dephasing T φ during the parity measurement causes a reduction of 0.337µs/13.8µs×2=4.9%. 4) Due to the inaccuracy of the π pulse (calibrated when the cavity is in the vacuum state), the qubit has a probability of 1-2% to remain in the exited state |e for large N due to the dispersive frequency shift (see Fig. 2c ), leading to a reduction of 2-4%. 5) We note that the cavity photon decay only contributes to the reduction of R during the dispersive qubit-cavity interaction sandwiched in between the final two Ramsey pulses. This contribution is roughly estimated as n×0.337µs/80µs∼1%. With all of the effects being included, the resulting Wigner function reduction factor is about 0.83, in agreement with the measured results.
